Abstract-We analyze the problem of partial shading in monolithically integrated thin-film photovoltaic (TFPV) modules, and explore how the shape and size of the shadows dictate their performance and reliability. We focus on the aspects of the shading problem unique to monolithic TFPV, arising from thin long rectangular series-connected cells, with partial shadows covering only a fraction of the cell area. Using calibrated 2-D circuit simulations, we show that due to the cell shape, the unshaded portion of partially shaded cell experiences higher heat dissipation due to redistribution of voltages and currents across the cells. We then use thermal imaging techniques to compare our results with module behavior under shade in realistic situations. We also analyze the effect of shadow size and orientation by considering several possible shading scenarios. We find that thin edge shadows can cause potentially catastrophic reverse bias damage, depending on their orientation. Finally, we show that external bypass diodes cannot protect the individual cells from shadow-induced reverse stress, but can limit the string output power loss for larger shadows.
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I. INTRODUCTION
A S thin-film photovoltaic (TFPV) technologies are moving from the laboratory to large-scale production, challenges such as process yield and long-term performance reliability, which determine the levelized cost of electricity, are becoming increasingly important [1] , [2] . Therefore, the physics of solar cell degradation and predictive modeling of long-term module performance degradation are of great importance for any PV technology [3] , [4] . Partial shading is one such important reliability concern for all PV modules with series-connected cells. This problem was recognized early in series-connected cells of crystalline PV modules used in satellites [5] . Similar problems of partial shading in terrestrial systems have also been studied actively over the years, both in terms of the mod- ule power loss [6] - [8] , as well as reverse bias stress on the shaded cells [9] - [11] . Consequently, different solutions such as rewiring schemes [12] and integrated bypass diodes [13] have been developed for improving shade performance of crystalline modules.
This problem of partial shading is perhaps even more important for TFPV, as they are a prime candidate for building integrated and rooftop applications [14] , where partial shading from nearby objects is more likely [shown schematically for a rooftop installation Fig. 1(a) ]. The analysis of partial shading in TFPV, however, requires a tailored approach; as their material, structure, and manufacturing differ significantly from those of the crystalline cells and modules. These differences can be summarized as follows.
1) Physics of reverse breakdown [15] , [16] -as well as impact of moderate reverse stress [17] - [19] on long-term performance of the modules-are very different in TFPV materials, and need to be included correctly in the analysis. 2) Monolithic integration for creating series-connected cells makes it difficult to incorporate bypass diodes inside the modules [20] , and precludes rewiring schemes available for crystalline cells.
3) The long and thin rectangular shape of TFPV cells necessitates the use of 2-D circuit simulations to account for the effect of shadow shape and orientation, as shown in Fig. 1(b) ; which shows the schematic of a typical TFPV module with N series thin, rectangular, series-connected cells, under partial shading. In this paper, we use 2-D SPICE simulations (using the commercial Synopsys HSPICE simulator) to assess the impact of different shading configurations, and highlight the aspects unique to monolithic TFPV modules. This paper is arranged as follows. In Section II, we describe the SPICE-based simulation framework, which is used to analyze the shadow effects. Next, in Section III, we explore the unique features of a shadow covering a fraction of cell area, which will be compared with experimental results in Section IV. Finally, we examine the impact of various shadow sizes and orientations, and the role of bypass diodes, in Section V.
II. SIMULATION FRAMEWORK
In order to mimic realistic system behavior, we simulate a typical configuration of a string of TFPV modules connected to a string inverter [21] , as shown in Fig. 2(a) . Each module is equipped with a typical power diode for external bypass [22] . The number of series-connected modules is chosen (seven modules in our case) to obtain the usual string dc operating voltage of approximately 510 V [23] .
Each module with dimensions L module × W module and N series series-connected cells is represented using an equivalent circuit approach, as shown in Fig. 2(b) . We use a full 2-D representation for the modules by subdividing the individual cells into N parallel subcells [24] , such that the subcell dimensions are given by L sub = L module /N series and W sub = W module /N parallel . These subcells are connected to each other using the contact sheet resistance of the top and bottom contacts; so that R series = R sq L sub /W sub and R parallel = R sq W sub /L sub for both top and bottom contact materials, where R sq is the sheet resistance of the respective contact materials. This results in 2-D network-like circuit representation of the module [see Fig. 2(b) ]. We use monolithic single-junction aSi:H technology, with module dimensions 104 cm × 120 cm [25] as the illustrative example. The analysis presented, however, is general and would apply to all monolithic TFPV systems, including a-Si, CIGS, and CdTe, once their relevant device physics is incorporated into the subcell equivalent circuit.
For the module dimensions considered in this study, the subcell area A sub = 1 cm 2 . We represent the subcells using the equivalent circuit of a-Si:H solar cell, including the generation enhanced recombination J rec,ph [26] , voltage-dependent collection J photo [27] , which are functions of the total absorbed photon flux J abs , as well as dark current comprising non-Ohmic shunt current J SH [28] and diode current J D , as shown in Fig. 2(c) . This physics-based equivalent circuit allows us to use a-Si:H material parameters in module simulations, ensuring that the module performance is matched closely to the manufacturer datasheet [25] . In these simulations, we assume that the fully illuminated regions are operating at normal 1 Sun (100 mW/cm 2 ) intensity, while the partially shaded regions only receive diffused light, with intensity ∼20% of the intensity of direct sunlight so that J abs,sh = 0.2J abs0 [29] . The exact intensity ratio between direct sunlight and shade depends on the environmental and weather conditions of a particular location. Additional details regarding the material parameters, equivalent circuit, and module parameters are provided in Appendix A.
III. ASYMMETRIC STRESS IN SHADED CELLS
Because of the thin, long, rectangular shape of cells in a monolithic TFPV module, the module will sometimes experience shadows that cover only a fraction of the cell area (i.e., partial shadows), as shown in Fig. 1(b) . In order to evaluate the impact of such partial shadows, we simulate the string of seven modules with a shadow at the bottom left of one of the modules, such that W sh = W module /2, and L sh = 5 cm. Fig. 3(a) shows the color plot of the photon absorption flux I abs in each subcell in this shading scenario. For clarity, we plot only the results for the bottom 26 cells of this module. In this situation, the photogeneration in left half of cells 1 to 5 is reduced by 80% (for L ≤ L sh and W ≤ W sh , marked region 1), while the right half (L < L sh and W > W sh , marked region 2) and all other cells from 6 to 104 (L > L sh , marked region 3) remain fully illuminated. We perform the 2-D circuit simulation for this shading scenario, assuming that all other modules in the string are fully illuminated.
We simulate this string assuming that its operating point remains unchanged after shading, and plot the voltage across each subcell V sub in the module. The simulation results are shown in Fig. 3 
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illum sub < 0), as shown in the color plot in Fig. 3(c) . As a consequence, the shaded cells actually dissipate power (in our sign convention, this means P occurs in the semiconductor junction under reverse bias as V shaded sub < 0, as opposed to fully illuminated cells in forward bias, which produce useful output power (P illum sub < 0). This must not be confused with resistive power loss in the contact metal/TCO layers, which is much smaller and is present regardless of any shade.
This partial shading causes reverse bias in shaded cells so that the shaded cells dissipate power (instead of power generation). This negative effect of shading on cell performance is well known and applies to all PV technologies [30] . In thin-film PV, however, the thin long shape of the individual cells results in a large asymmetry in current flow through the partially shaded cell, so that the current in the unshaded part (region 2) of the partially illuminated cells increases to balance the loss of photocurrent in the shaded part (region 1). This is visible in the color plot of subcell current I sub in Fig. 3 (c), which shows that while the current through fully illuminated cells in region 3 is essentially uniform, there is a stark asymmetry in current flow between regions 1 and 2 of the partially shaded cells. In these cells, the current in shaded region 1 reduces due to reduced photogeneration, so that I shaded,1 sub ≈ −4 mA. In order to compensate for this reduction, the current in the subcells in region 2 increases to −16 mA. The most important consequence of this redistribution in I shaded sub is that the unshaded region 2 dissipates more power than the shaded region 1, and in our example, P is equal in regions 1 and 2, as shown in Fig. 3(b) . A sanity check for these simulation results can be done by ensuring that the total current flow in these series-connected cells is equal, i.e., I points of these cells under normal operating condition (no shading anywhere) are marked with red asterisks in Fig. 4 . Fig. 4(a) shows the I-V characteristics of the shaded and unshaded halves of cell 5 and half the current of cell 6 (I cell /2). Without shade, these half cells are identical and operate at their maximum power point (0.7 V, −0.72 A, so that I cell = −1.45 A for all cells), which is marked with red asterisk. This means that all subcells are operating at their maximum power point, with V sub ≈ 0.7 V, and I sub ≈ −12 mA.
When the left half of cell 5 is shaded, the total output current reduces to −1.2 A, so that the current through illuminated half of cell 6 (region 1, green) moves to −0.6 A (green circle). The current in region 1 (red) is suppressed below I cell /2 due to shade (I Fig. 4(b) ], we observe that the operating point for the illuminated cell 6 (green) moves to lower current value on shading (red asterisk to green circle). However, since the current output of cell 5 (blue) has dropped, it must operate in a reverse bias (blue circle). The values of different operating points, with and without any shading, are summarized in Table I . Further details regarding the changes in operating points of the modules, and cells in the event of partial shading scenario of Fig. 3 , are discussed in Section S1 of supplementary materials. The module-level effects have also been analyzed in detail elsewhere [31] .
Note that the transition of current flow from asymmetric in the partially shaded cells (regions 1 and 2) to symmetric in the fully illuminated cells (region 3) cannot occur abruptly and must be spread over several cells. As seen in Fig. 3(c) , the I illum sub in cells 6-8, which are nearest to the shaded cells, varies slightly along the width in order to accommodate the asymmetric I shaded,1 sub and I shaded,2 sub entering cell 6 from the partially shaded cell 5, while maintaining current continuity. This is made possible by a rearrangement in subcell voltages along the width of the fully illuminated cells nearest to the shaded regions, as dictated by the sheet resistance values of the metal and TCO contacts. This asymmetry of current flow in the fully illuminated cells, however, is reduced as we move away from the shaded regions [see Fig. 3(c) ]. This 2-D rearrangement of subcell current and voltage, and its relation to sheet resistance, are discussed in greater detail in Section S2 of the supplementary materials.
This observation also highlights the need to differentiate between reverse voltage stress (which is equal for regions 1 and 2) and stress due to electrical heating from power dissipation in the junction (which is substantially higher in region 2) in partially shaded cells in TFPV modules, as is apparent from Fig. 3(d) . Note that this "nonlocal" heating due to partial shade may occur in conventional c-Si cells as well, if only a part of the cell area is shaded. The compact shape of c-Si cells, however, ensures that the 2-D effects are much less pronounced, and distribution of electrical heating due to partial shade is not readily observable in thermal images with limited resolution [32] , [33] . In TFPV cells, however, this prominent distinction between shaded and unshaded portions of the partially shaded cells is a consequence of the thin long cell geometry, and 2-D current flow in TFPV modules.
IV. EXPERIMENTAL OBSERVATION
Although monolithic structure of TFPV modules makes it difficult to access individual cells for directly validating the simulation results of previous section, we can use noninvasive IR thermal imaging for assessing the impact of shading and evaluating the predicted behavior [33] . This imaging technique allows us to estimate the temperature in different regions of the module in the event of shading, for building a qualitative insight into the stress behavior. The modules used for this test are Shell Eclipse-80 CIGS modules installed in a grid-tied system at NREL's outdoor test facility. The system is composed of two series strings of seven modules each. As a monolithically constructed module, the Shell Eclipse-80 CIGS module has long, thin cells, running the length of the module. Two separate submodules of 42 cells each are integrated into a single frame, individually protected by bypass diodes and placed in series with each other. Thermal imaging of the system was conducted with a FLIR SC640 hand-held thermal digital camera. The outdoor ambient temperature was [15] [16] [17] • C, and incident plane-of-array irradiance was 86−92 mW/cm 2 during experiment timeframe. We note that the temperatures recorded from these IR images are subject to a variety of extrinsic and environmental factors; and therefore, can be used in qualitative sense only [34] . We will, therefore, focus on the relative temperature differences across different regions of the module, while analyzing the shadow effect. Fig. 5(a) shows the thermal image of a series-connected module under normal operating conditions, indicating a roughly uniform temperature across the module, at around 32
• C. Note that the hot spot near the top of the module forms due to current crowding in that region, caused by the placement of connectors, and appears in all modules under normal operation. These modules are vertically oriented, as shown by the module dimensions marked in Fig. 5(a) . The three regions as defined in Fig. 3 are also shown. For evaluating the 2-D shading effect, the module was shaded by partially covering few cells with a translucent cloth (with 27% transmittance). The shade dimensions are marked in Fig. 5(b) , showing that L sh ≈ 19 cm and W sh ≈ 0.75W module . The thermal image of the modules immediately after the removal of shading fabric is shown in Fig. 5(c) , showing that the temperature of unshaded region 2 increased to 39-41
• C, which is noticeably higher than the shaded region 1 for the partially shaded cells, where the temperature increased to [34] [35] [36] • C. On the other hand, the temperature of fully illuminated cells in region 3 remains largely unchanged around 32-34
• C, as expected from the simulation results in Fig. 3 . Note that the simulation predicts asymmetric electrical dissipation across the partially shaded cell [see Fig. 3(d) ], while the fully illuminated cells continue to produce power. This is also apparent in Fig. 5(c) , which shows that the overall temperature in fully illuminated cells (marked 3) does not change, but power dissipation in regions 1 and 2 of the partially shaded cells causes a temperature rise in these regions. Despite the local variations in temperature across the module surface due to manufacturing nonuniformities, as well as camera angle and reflections, the general trends in temperatures in regions 1-3 are in good qualitative agreement with the simulation results.
In order to better understand the reasons behind this temperature change, we consider the various heat fluxes on the module surface. Fig. 6(a) shows a schematic of the partially shaded module, showing the insolation (marked Q s ) and electrical (marked Q e ) heat flux components in different regions. The insolation heating Q s is caused by incident radiation and is proportional to the light intensity falling on the module. Since regions 2 and 3 are illuminated, we have Q s2 = Q s3 = Q s0 , where Q s0 is equal to the fraction of incident light lost as heat under normal operation. Typically, this arises from nonradiative recombination and resistive losses in metal/TCO layers [34] . To a good approximation, we can assume Q s0 ≈ 0.4 × φ inc ≈ 36 mW/cm 2 [35] , where φ inc is the plane-of-array irradiance which is ≈ 90 mW/cm 2 in our case. In addition, due to the 27% transmittance of the cloth in region 1, Q s1 = 0.27Q s0 ≈ 10 mW/cm 2 . From the difference in Q s1 and Q s2 , it might appear that the asymmetric temperature rise in Fig. 5 (c) may be caused in part due to the difference in insolation heating.
The total heat generated during shading, however, includes heating due to power dissipation in the shaded regions, as . IR thermal image immediately after the partial shade is removed shows no significant difference in temperatures between regions 1-3, demonstrating that the differential heading due to insolation is essentially negligible. calculated in Fig. 3(d) (note that electrical power flux Q e = P sub /A sub ). Extrapolating from the simulations, we can estimate Q e3 ≈ −10 mW/cm 2 for the forward biased cells in region 3 which are generating output power, and Q e2 ≈ 3Q e1 ≈ 150 mW/cm 2 for reverse-biased regions 1 and 2 dissipating power for the duration of the shade. In this scenario, Q s2 + Q e2 = 186 mW/cm 2 > Q s1 + Q e1 = 60 mW/cm 2 , which is consistent with the observations in Fig. 5(c) .
In order to experimentally confirm that the actual contribution from insolation heating is small, we repeat the same shading experiment with IR thermal imaging, while keeping the module at open circuit. At open circuit, no current flows through the module; therefore, there is no reverse stress or electrical asymmetry (I sub (V OC ) = 0 ensures that Q e1 = Q e2 = Q e3 ), so we will be able to infer the differential contribution of Q s directly. Comparing the thermal image of an open-circuit module before shading [see Fig. 6(b) ], with the image taken immediately after the shade is removed [see Fig. 6 (c)]; we find that the temperature difference between regions 1 and 2 is minimal, affirming that insolation alone cannot cause significant asymmetric heating.
Thus, we can be confident that the temperature difference between regions 1 and 2 observed in Fig. 5(c) is indeed due to a rearrangement of current flow pattern, resulting in an asymmetric electrical heating, in qualitative agreement with the theoretical predictions of the previous section. Note that the exact heating contributions from various sources will depend on cell geometry, module configuration, contact resistances, etc.; however, the key theoretical prediction regarding asymmetric heat generation in shaded cells will remain valid.
V. SHADOW SIZE AND ORIENTATION
So far, we have considered a shadow of specific size and orientation and examined its impact on the shaded cells. The shape and size of shadows, however, can change due to random events, or depending on the time of the day. Fortunately, all shadows do not result in reverse bias stress across shaded cells. In order to explore the effect of different shadow sizes and shapes, we vary the size and orientation of a shadow by changing L sh and W sh , and evaluate the corresponding reverse stress as well as output power loss for each shading scenario. In this section, we will be focusing on the overall cell voltage V cell across the partially shaded cells. Therefore, we can simplify the large 2-D circuit of subcells into a two-element circuit, in which current and voltage outputs change with varying L sh and W sh , respectively. The details about creating such an equivalent circuit and its validation are discussed in Appendix B.
A. Reverse Voltage Stress
We first explore the relationship of shadow size and reverse bias stress on shaded cells. The top schematic in Fig. 7 identifies the important shading scenarios, which are also highlighted in the plots. Fig. 7(a) shows the worst-case cell voltage in a module, as a function of shadow width and length. Each point on the xy plane represents a shadow of certain width and length, with the minimum V cell under those conditions displayed on the z-axis (also the corresponding color). In the absence of shadows, all cells operate at their maximum power point (∼+0.8 V), as expected (marked 1). The importance of shadow orientation can be illustrated by considering the case of thin wide shadows along the edges. Note that for asymmetric edge shadows, where a few cells are shaded fully along the width (marked 3), the shaded cells can go into severe reverse bias and breakdown (∼ −10 V). On the other hand, a similar shadow oriented along the vertical edge is essentially harmless, since all the cells are shaded equally and stay in forward bias after shading (marked 2). Most typical shadows, however, will be smaller than the panel dimensions, and would result in moderate (−2 to −5 V) reverse bias stress on shaded cells (marked 4). This orientation dependence of partial shading is in accordance with the module installation instructions from TFPV manufacturers [36]. 
B. Output Power Loss
We can also evaluate the impact of various shading scenarios on string dc output power loss. The plot in Fig. 7(b) shows the dc output power of the string, for a variety of different shadow sizes. We can see that large shadows cause significant output power loss, but do not cause extreme reverse stress on individual cells, because the reverse bias is distributed across many shaded cells. On the other hand, the power loss is small for edge shadows, but the asymmetric edge shadow causes the worst reverse stress. This underscores the fact that loss of output power may not correlate with large reverse stress on shaded cells, as large shadows cause power loss but do not cause large stresses. This also brings into focus the role of external bypass diodes and their ability to prevent output loss and/or reverse stress across shaded cells.
C. Role of Bypass Diodes
In order to gauge the role of external bypass diodes [as shown in Fig. 2(a) ], we perform the shading simulations for all shadow sizes, with and without external bypass. Fig. 8(a) plots the difference in worst case shaded cell voltages, with and without external bypass diode, i.e., ΔV We find that for a majority of shading cases, the presence of external bypass has no impact on stress voltages. For a few cases, the reverse stress voltages are smaller in the presence of external bypass. This improvement, however, is small (< 1.5 V) in the best of cases. Moreover, it shows that the external bypass diodes become active only for large shadows. This means that for cases like asymmetric edge shadow (marked 3 in Fig. 7) , which causes reverse breakdown in shaded cells [see Fig. 7(a) ], the bypass diodes remain OFF. Therefore, external bypass diodes cannot provide any significant protection to individual cells from shadow stress.
External bypass diodes do, however, help in limiting the output power loss, as seen by plotting the difference in string output power in presence of external bypass (ΔP bypass out = P bypass out − P no,bypass out ). As shown in Fig. 8(b) , we can prevent up to 200 W extra power loss from the string, when modules have external bypass diodes, but this improvement is only obtained for large-area shadows. Thus, we see that external bypass diodes cannot protect individual cells from shadow-induced reverse stress and damage, but do alleviate power loss in the case of large shadows on the panel.
VI. SUMMARY AND CONCLUSION
In summary, we have explored the issue of partial shading in monolithic TFPV modules, using full 2-D circuit simulations, and IR thermal imaging measurements. We show that in order to correctly evaluate the reliability and performance implications of partial shading, the cell shape, as well as the shadow size and orientation, must be taken into account. Based on our simulations we have identified some unique aspects of partial shading in these TFPV modules. These can be summarized as follows.
1) For shadows covering only a fraction of the cell area, the reverse stress voltage is distributed uniformly across the entire cell. The unshaded portion of the partially illuminated cell, however, carries more current and dissipates more power, as a consequence of the 2-D nature of shading and the unique TFPV cell geometry.
2) The size and orientation of partial shade has a significant impact on the level of reverse stress on shaded cells. While thin and wide asymmetric shadows result in the worst reverse bias stress, symmetric shading causes no reverse stress at all. 3) The output power loss depends on the total shadow size, and high output power loss does not imply worst-case shadow stress, and vice versa. 4) External bypass diodes turn ON only for large shadows, when the total module voltage becomes negative. While they can improve string output power for large shadows, they have little to no impact on the prevention of shadowinduced reverse stress on shaded cells. Although the calculations here were conducted for a-Si:H p-in modules of certain size and configuration, the conclusions are generally true for all monolithic TFPV modules, regardless of materials or processes involved. The results stem primarily from the geometry of the cell configuration and the lack of bypass diodes across individual cells.
From this discussion, it is clear that monolithically integrated bypass diodes inside the module can prevent most of the shadow stress for individual cells [37] . This approach, however, requires extra semiconductor area and added manufacturing complexity. The orientation dependence of shadow effect, which is discussed in Section V-A, also suggests a vertical mounting position can at least avoid the worst-case "asymmetric" shade from neighboring modules, which is standard industry practice [36] . We have explored the relation of cell geometry and shadow overlap, and demonstrated that it is possible to design intrinsically shade tolerant thin-film modules with right cell geometry. These results are discussed in detail elsewhere [38] . In the simulations, we have used a-Si:H p-i-n solar cells and modules as our baseline. The various current components in the physical equivalent circuit of a-Si:H depend on different parameters. The voltage-dependent collection of carriers gives rise to the following voltage-dependent current source [27] :
where G is the effective photogeneration rate in cm −3 · s −1 , d is the i-layer thickness, V bi is the built-in potential, q is the electron charge, k B is Boltzmann's constant, and T is the absolute temperature. The bulk recombination is also enhanced by photogeneration [26] , and for the p-i-n cells is given as
where (μτ ) eff is the effective mobility-lifetime product for aSi:H. Both these generation dependent terms are a function of the absorption current J abs = qGd, which will be modified in the partially shaded areas as J abs,sh = J abs0 /5 [29] . The dark current in a-Si:H cells is a combination of diode current J D , in parallel with a non-Ohmic parasitic shunt current J SH [28] . The diode current is given by the familiar exponential relationship, with ideality factor close to 2 for high bulk recombination, and is given as
where τ eff is the effective carrier lifetime, and n i is the intrinsic carrier density in a-Si:H. Finally, the parasitic space-chargelimited shunt current [28] has a power law voltage dependence given by
The shunt power exponent n sh is close to 2.5 for a-Si:H cells. For cells with a given area, all current terms will be multiplied by cell area, and the series resistance is calculated from the sheet resistance and contact cross section [24] .
We simulate a typical commercial a-Si:H module with aperture 104 × 120 cm 2 , and 104 cells in series [25] . The material properties in the equivalent circuit were chosen to match the module output characteristics and are summarized in Table II . 
APPENDIX B
In our simulations, we have assumed that all the subcells have identical I-V characteristics, representing the average performance. Therefore, we can simplify the circuit representation of the module and reduce it to a single equivalent circuit. For a module with N series cells in series, each with area A cell , and module dimensions W module × L module [as shown in Fig. 1(b) ], we can use a single equivalent circuit by appropriately scaling the terminal voltage, current, and series resistance so that V eq = V terminal /N series , I eq = A cell J terminal , where J terminal is the sum of all current components in Fig. 2(c) , and R s,eq = R sq L module /W module . These scaling relations are a straightforward consequence of series (addition of voltage) and parallel (addition of current) connection of individual subcells.
Similar simplification is possible for a partially shaded module, which can be divided into three equivalent circuits connected in series and parallel, as shown in Fig. 9 . Based on the number of series-connected cells in the region, the area of cells in the region, and the length and width of the region under consideration, we can use the voltage, current, and series resistance scaling shown in Fig. 9 . We also need to include a parallel connection between the shaded and unshaded regions at the bottom. This needs a parallel resistance from the midpoint of the shaded region to the midpoint of unshaded region on the right, as shown in Fig. 9 .
Once the equivalent circuits and interconnections are set up with correct scale factors, as described in Fig. 9 , we can compare its output with the full 2-D circuit simulation under partial shading. For the shading conditions considered in Section II, we plot the results obtained from the full and simplified simulations in Fig. 10 . We find that the string-level characteristics [see Fig. 10(a) ], as well as the module-level characteristics for shaded and unshaded modules [see Fig. 10(b) ] are identical for 
